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. ' Abstract 

'NT I 

^^ ■ Within the context of quantum field theory in curved spacetimes, Hacyan 

T^lj- ', and Sarmiento defined the vacuum stress-energy tensor with respect to the 

K^ I accelerated observer. They calculated it for uniform acceleration and circular 

motion, and derived that the rotating observer perceives a flux. Mane related 

T-H . the flux to synchrotron radiation. In order to investigate the relation between 

^^ I the vacuum stress and bremsstrahlung, we estimate the stress-energy tensor of 

Qv ■ the electromagnetic field generated by a point charge, at the position of the 

Q^ . charge. We use the retarded field as a self-field of the point charge. Therefore 

Q I the tensor diverges if we evaluate it as it is. Hence we remove the divergent 

O^' contributions by using the expansion of the tensor in powers of the distance 

^ . from the point charge. Finally, we take an average for the angular dependence of 

. . I the expansion. We calculate it for the case of uniform acceleration and circular 

, ^ ' motion, and it is found that the order of the vacuum stress multiplied by vra 

^ ■ (a = e^ /he is the fine structure constant) is equal to that of the self-stress. In 

H . the Appendix, we give another trial approach with a similar result. 
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1 Introduction 

In Minkowski spacetime, a field is quantized with respect not only to the inertial 
frame, but also to a uniformly accelerated frame [|T| . Definitions of the vacua of these 
quantizations are not equivalent. In the quantization with respect to the uniformly 
accelerated frame, the vacuum of the inertial frame corresponds to a thermal bath in 
which the temperature is proportional to the acceleration of the accelerated frame. 
Therefore, one can interpret that a uniformly accelerated observer in the vacuum 
perceives a thermal bath of temperature proportional to his acceleration 0, |^ . This 
is referred to as the Unruh effect. This interpretation is confirmed by using the Unruh- 
DeWitt detector, which is a mathematically ideahzed detector of the field quanta |^, ^ 
^, 1^. It is well known that, when the detector is uniformly accelerated, the transition 
probability between the internal states of the detector indicate the thermal behavior. 
The detector is also excited in any accelerated motion, but, in general, the transition 
probability does not indicate the thermal behavior. The behavior of the detector in 
a rotating orbit (circular Unruh effect 0) is particularly interesting because of the 
possibility of experimental verification [Q. 

It is interesting to conjecture how an accelerated electron can be affected by the 
Unruh-like effect ascribed above. The spin of the electron could correspond to the 
internal degree of freedom of the detector [Q , and it is concerned with the experimental 
verificaton of the circular Unruh effect. On the other hand, it would be also interesting 
to investigate the relation between bremsstrahlung and Unruh-like effect [^, ^, |TT], 



121 , |T^, and this is what we investigate in this paper. In this connection, there is a 



long-standing problem of classical electrodynamics concerning whether a uniformly 



accelerated electron radiates fTj, ^ |§], and it would be interesting to consider this 
problem in connection with the Unruh effect. Discussions from this point of view are 
found, for example, in Refs. pi, Il2[ and IT? . 



In this paper, we make a calculation within the classical theory |T8|, concerned 



with the discussion of Mane |Tn], which relates bremsstrahlung to the Unruh effect. 
The outline of the discussion is the following. Within quantum field theory in curved 
spacetimes, Hacyan and Sarmiento defined the spectrum of the stress-energy tensor 
of the electromagnetic vacuum with respect to an accelerated observer, and calcu- 
lated it for uniformly accelerated motion |]l9l and circular motion |^0|- Fo^ uniform 



acceleration, they obtained a spectrum of an isotropic thermal bath, and for circular 
motion, they derived that the spectrum is not thermal, and there is a flux directed 
along the tangent velocity of the observer. Hacyan and Sarmiento pointed out the 
possibility that the flux would cause some friction-like effect on a rotating particle. 
Mane suggested that this friction-like effect is related to synchrotron radiation. Mane 
discussed that if the flux is coupled to an electron through the fine structure constant 
a = e^/hc, the order of energy loss of the electron is classical, and it corresponds to 
the order derived from the Larmor formula. 

We are interested in how the vacuum stress can be related to the classical bremsstrahlung. 



and we propose to evaluate the stress-energy tensor of the electromagnetic field gen- 
erated by a point charge, at the position of the charge 0]. (We will call this quantity 
the self-stress only for simplicity, although this term is generally used with a different 
meaning and context. See Section 17.5 of Ref. IH^.) We use the retarded field as a 
self-field, and thus the tensor diverges if we evaluate it as it is. We consider the ex- 
pansion of the tensor in powers of the distance from the point charge, and we remove 
the divergent contributions in the limit that the distance approaches zero. That is, 
we regard the renormalized tensor as the terms of zero-th order in the expansion. Al- 
though the result depends on the direction along which we take the limit, we remove 
the directional dependence by taking an angular average. (In 1971, Teitelboim showed 
that the radiation reaction force of the Lorentz-Dirac equation can be obtained by 
averaging the retarded field around a point charge |2^. Our method of averaging 



the retarded stress-energy tensor is the same as his method of averaging the retarded 
field.) We calculate this average for uniform acceleration and circular motion, and it 
is found that the order of the vacuum stress multiplied by vra is equivalent to that of 
the self-stress which we calculate. In Appendix B, we give an alternative evaluation 
of the self-stress in which we use the expansion of the retarded field in powers of the 
retarded time, and obtain a similar result. 

In section 0, we review the vacuum stress-energy tensor defined by Hacyan and 
Sarmiento and the discussion given by Mane. In section ^, We expand the retarded 
field by using the method of Dirac [^] and briefiy discuss the work of Teitelboim. The 
expansion is used to evaluate the zero-th terms in the expansion of the stress-energy 
tensor of the self-field in section ^. The result is disscused in section ^. Throughout 
the paper, we use Gaussian units and the metric with signature (+,—,—,—). We 
employ natural units in which c = h = 1, and we write c and h explicitly only when 
an order estimation is needed. 



2 Vacuum stress and the discussion of Mane 

2.1 Vacuum stress-energy tensor 

Within the context of quantum field theory in curved spacetimes, Hacyan and Sarmiento 
defined the electromagnetic vacuum stress-energy tensor with respect to the acceler- 
ated observer [l^, ^. Let us review their work, mainly focusing on the points 
concerned with our problem. The expectation value of the stress-energy tensor of the 
electromagnetic field is 

Tf^u = -^ljm{OM\^F^,{x)F,)^{x')+r],,F^p{x)F^^{x')\OM), (1) 

where [0^/) represents the Minkowski vacuum. We define 



D^,{x,x') ^ D;,{x',x), (2) 

so that 

The decomposition of F^^, into the destruction and creation operators and the action 
of these operators on |0a/) lead to the relation 

(0M|F"^(2;)F,),(x')|0Af) = 8nd^d,>D^{x,x'), (4) 

where 

D^{x,x') = --^- -J — ^ -r (5) 

are the Wightman functions for the massless scalar field. By perfoming the differen- 
tiations, we find that 



{Om\F[;{x)F,)^{x')\Om) 

I A(x.. — .t' V.t,, — x'A — n..,Jx... — .t' V.t" — x'"') 

(6) 



4 4(x^ -x'^){xi, -xl) -r]f,y{xa - x'^){x'^ - x'"') 



vr [{t - t' T i^f - \x - xff 

The contraction of the indices of this equation gives 

(0M|FA,3(x)F^^(a;')|0A/) = 0, (7) 

which leads to 

T^, = — lim(OM|K(a;)F,)„(x')|OA/). (8) 

47r x'^rX ^^ 

That is, we find that the second term on the right-hand side of Eq. (|1]) do not 
contribute to T^,y. 

Now let us evaluate the spectrum of the stress-energy tensor detected by an ob- 
server through the world line 

z" = z"{t), (9) 

where r is the proper time of the detector. It follows that 

= ^ J^ da J^ duje'-''[D%{r + a/2, r - a/2) + D^,(r + a/2, r - a/2)], 

(10) 



where 

D%{T + a/2,T-a/2) ^ D%{z{t + a/2),z{T - a/2)). (11) 

Using the Fourier transform 



oo 



b%{T,u) = / dae'-''D^^{T + a/2,T-a/2), (12) 



the stress-energy tensor can be written as 

1 f^ ~ 
TA^'^ir)] = ^X [^M^(^'^) + ^/:^(^'^)]^^- (13) 

Because the D^j^{t + o"/2,r — cr/2) are even functions with respect to a, and 
because of Eqs. (Q), (P) and (^, we can write 



la ^ ze)4 (ct t «e) 



^i(r + a/2,r-a/2) = 7"^^ " 7"^^ + ^m.(-, ^), (14) 



where A^i, and 5^,^ are functions of r, and D^^{t, a) is by definition free of poles at 
a = ±ie. Inserting Eq. (ll) into Eq. (p!3D, we obtain that 



T.A^'^ir)] 



8tt^ Jo 



A 



A''^, ,3 



iV" + 2BuuUJ 



flU^ 



du; + ^D^,{T,0). (15) 



One can interpret this equation is expressing that the divergent integral term cor- 
responds to the zero-point energy, and the last term gives the physically observable 
stress-energy tensor. 

We can use Eq. (|T3p to obtain the spectrum of the stress-energy tensor. For 
example, for uniform acceleration with acceleration a, Eq. (O) turns out to be 



1 f^ 

Tf,„ = —^{Au^Uy -r]fiu) / ^(^^ + a^) 
ovr^ JO 



1 



du, (16) 



2 p2Truj/a _ 

where u^ is the 4-velocity of the observer. If one considers that the effect of the 
acceleration changes the density of states from uj'^duj to (u;^ + a?')duj [This change is 
clarified by the spin of the field, see Ref . [|^ .] , the above spectrum can be interpreted 
as a Planck spectrum. The term uj{uo'^ + o?)/2 is considered as the zero-point energy 
of the field in the accelerated frame, and this just corresponds to the divergent term 
of Eq. dlD. 

Hacyan and Sarmiento pointed out that one can remove the divergent contribu- 
tion of the vacuum stress-energy tensor by moving the pole of the Wightman func- 
tion properly. But they judged that this is a rather ad hoc procedure, and they 
decided not to discard the zero-point energy in Eq. (|l^) (see section V of Ref. |l20[| ). 



Thus they were careful with divergence elimination. However, they regarded virtually 



{A7i)^^Df^,y{T,0) as the renormalized stress-energy tensor. Therefore we also adopt it 
as the renorniahzed vacuum stress-energy tensor. 

Here we give a simple interpretation of their renormalization procedure to con- 
trast it with our renormalization procedure of the classical self-stress, which will be 
introduced later. The interpretation is as follows. One first expands T^^ in powers of 



the proper time as in Eq. ([T^), and then removes contributions which diverge when 
a ^ 0. Doing so, one obtains the contribution with a zero-th order as the result. 

Finally, let us note the results for the renormalized vacuum stress for uniform 
acceleration and circular motion (Eqs. (3.6) and (4.23) in Ref. [^). The world line 
of the uniformly accelerated observer is 



"^ sinh(ar), 0, 0, a ^cosh(ar)). 



;i7) 



If one evaluates the vacuum stress at the instant that the observer is at rest, i.e., at 



r 



0, the result is 



rpflU 



11 ha'^ 
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In the laboratory frame, circular motion can be written 

2;^ = (7r, i?cos(7fir),i?sin(7rir),0). 



(19) 



where R is the radius of the circle, v is the velocity in the laboratory frame, Vt = v/R, 

and 7 = (1 — f^)^^/^. Here we define 






(1,0,0,0), 

(0, cos(7i7r), sin(7i7r), 0), 

(0, — sin(7f2r), cos(7r2r), 0), 

(0,0,0,1). 



(20) 



Components of these vectors are defined in the laboratory frame. They are orthonor- 
mal. We can write 



Then, we also define 



z^ 


= -ftf^ + ^fvl^ 


1^ 


— P 


1^ 


= 7t;P + 7/'^, 


'3 


— 7^ 

— '3- 



(21) 



(22) 



The Lorentz transformations of k'^, /^ , I2 and ^3 with respect to the velocity of the 
observer are z'^, li, I2 and li^. Therefore i^, /f, I2 and ^3 are orthonormal, and they 
constitute the coordinate basis of the rest frame of the observer. We set the x, y and 
z axes along the directions of li, I2 and I'i^. The vacuum stress is evaluated, in the 
rest frame of the observer, as 

14407r2 c5 

100-667-2 (50 - 477~2)c/w 

30-227-2 

(50 - 477-2)c/t; 40 - 227^^ Q 

30-227-2 

(23) 



X 



(It seems that Eqs. (4.23a-c) in Ref. [20| are misprinted.) We should note that the 
Poynting vector is not zero, and the flux is directed along the y axis, i.e., along the 
Lorentz boost from the laboratory frame to the rest frame of the observer. Hacyan 
and Sarmiento pointed out that "if this flux is real, it should imply some friction-like 
effect on a rotating particle" . 

2.2 The discussion of Mane 

Mane suggested that the flux is related to the synchrotron radiation [|l^ . We outline 
his discussion here. We consider the case where a charged particle is moving along 
the orbit with radius of curvature R in the ultrarelativistic limit. 

First we consider the area in which the charged particle interacts with the elec- 
tromagnetic field (see section 14.4 of Ref. p4|). Because an ultrarelativistic particle 



radiates with angle 6 ~ 7- , the observer at rest at infinity observes the radiation 
mainly during the time that the particle rotates by ~ 7-^. Therefore the parti- 
cle interacts with the electromagnetic field in the time At ~ {R6)/v ~ R/{'yv). In 
that time, the radiation travels a distance D = cAt ~ {Rc)/{'yv). Therefore the 
electromagnetic wave radiated in At spreads out in the area A ~ {9DY on a surface 
orthogonal to the orbit. This area is invariant for the Lorentz transformation from the 
laboratory frame to the rest frame, because the surface is orthogonal to the orbit. We 
regard A as the area in which the charged particle interacts with the electromagnetic 
field. 

We can write the Poynting flux in Eq. (|23|) in the form 



where I2 is given as 



1 fi^^Vf^v 



^2 = ((7f )/c, — 7sin(7r2r),7cos(7f2r), 0). (25) 



Since p is proportional to h, the flux becomes zero in the classical limit. But if 
the particle couples with the flux by the fine structure constant a = e^ /Tic, the 
contribution of ft vanishes, and the effect on the particle becomes classical. The recoil 
induced by the flux of the vacuum fluctuation on the four-momentum of the particle 
per unit proper time is 

aApli^ ~ ^^^1^2- (26) 

In the laboratory frame, the energy loss of the particle per unit laboratory time 
is given by the Larmor formula 

/ = ^^(7^^-)'- (27) 

This is related to the damping force F in the form I = F ■ v and therefore the 
recoil induced by synchrotron radiation on the four-momentum of the particle per 
unit proper time is 



e 



r^'v^^ 



7(1 /c,F) ~ ^-^r^lti. (28) 



c 



Hence, we find that, if one assume that the charged particle interacts with the vacuum 
flux by the coupling a, the order of recoil of the particle induced by this interaction 
is equal to that derived by the Larmor formula in the ultrarelativistic limit. 

3 Expansion of a retarded field 

To investigate the relation between the vacuum stress and the bremsstrahlung, we 
evaluate the stress-energy tensor of a self-field generated by a charged particle, at 
the position of the particle. We use a point charge and adopt the retarded field as 
the self-field. Therefore, the self-stress is now divergent if we evaluate it as it is. 
Hence we must remove the divergent contributions with some procedure. First, we 
construct the expansion of the retarded field in powers of the distance from the point 
charge. By doing this, we calculate the terms of zero-th order in the expansion of 
the stress-energy tensor, and we regard the result as the renormalized stress-energy 
tensor. This procedure reminds us of our interpretation of the renormalization of the 
vacuum stress, where we expanded the stress-energy tensor in powers of the proper 
time. 

In calculating the expansion of the field, we adopt the method used by Dirac in 



Ref. [^, which is followed in this section and in Appendix A. (Dirac used the ex- 
pansion for calculating the energy-momentum flow out of the world tube surrounding 
the world line of a point charge. However, our aim is not to investigate this quantity. 
Our aim is to evaluate the each component of T^i/.) 



The retarded potential generated by a 4-current j''(x) is given in the form 

A'i^^{x) = An I d^x'Dr{x-x')f{x'), (29) 



where 



DJx — x') 



277 



6{xq — Xq)5[{x — X 



l\2^ 



(30) 



is the retarded Green function. We define the world line of the point charge as z^{t), 
where r is the proper time. Then the 4-current of the point charge with charge e is 



j^ix) 



dTZ^{T)6^^'^[x - z{t)]. 



(31) 



The dot above z represents differentiation with respect to the proper time. Substi- 
tuting Eqs. (0) and (|3lD into Eq. (p9|), we have 



<et(^) = 2e / drz^'eixo - zo)6[{x ~ z)^] 

J —oo 

= 2e f dTz^6[{x - z)% 



(32) 



where, in the last, integration is taken from — oo to some value of r intermadiate 
between the retarded and advanced times. We now have 



d„A^^retix) = Ae dTZf,{xu-z^)6'[{x-z)'^] 



.2e I dT^-^^^^^^-^i-5[{x - zf] 



z ■ ix — z) dr 



I , d 
2e / dr— 
dr 



Zf_l\Xi/ Zyj 



Z ■ [X — z) 
Thus the retarded field of the point charge becomes 



5[{x-zn 



(33) 



-'^ ij,i>,rct\-^ ) 



(yfj.A.^,Tct[X) — U,yA^^j-et{X) 



2e / dr 



d 
dr 



ZjiyXy Zy] 



Zu\X^ Z^j 



Z ■ [X — Z] 



5[{x-zf] 



^ Z^yZy XyJ ZyyZ^ X^J 



z ■ {z — x) dr 



z ■ [z — X] 



(34) 



where z^ is evaluated at the retarded time in the last equation. 
Here we set 



X'- 



z^{r,)+i^ 



(35) 



and expand Eq. (|3^ ) in powers of 7'^. At that time, we choose tq to satisfy 

i(ro)-7 = 0. (36) 



If one choose the frame in which the charge is instantaneously at rest at the instant 
T = tq, j^ has only spatial components, so that x^ = z{to)^. Also, e = y^— 7 ■ 7 is 
the distance from z{to) to x in this frame. Therefore, the expansion with respect 
to e is equivalent to that with respect to the distance from the point charge in the 
instantaneous rest frame of the point charge. We point out that Dirac calculated the 
expansion of [1 — 7 ■ zY'^Ff^^^^et to obtain the energy-momentum flow out of the world 
tube, but we expand -F)i,y,ret, because our purpose is different from that of Dirac. The 
details of the culculation are complicated, and therefore they are given in Appendix 
A. Before we give the result of the calculation, some notation is defined: 



"3 



n ■ (m), 

(2) ■ (2), 

(3) • (3). 



(37) 



The expansion of Fav^ret in powers of e is derived as follows: 



fiu,iet 



X 



f(-2) 
J u 



I fiu 



f(-l) 

m 

f(l) 

J flU 



f(2) 
J HV 



(-1)^-1 






+ ef^ + ef^e + ef^e^ 



{^l^v) + Oie^ 



oi^2? 



2 
1 

7T'^2 



n,(l), - ^A2(2)^(l). - ^n,{3), + ^(3)^(1)., 



5 ,^ ^3 5 ^ 1 1 . 



nJl)^ + 



''H\^ )v 



1a 1 ■ 

-2 A3 + 3«2^ 



nf,{2)^ 



+ 



15,^ ,2 2^ 



16 



^2 



(2)^(1), - -A2n^(3), 



+ ^A2(3)^(l). + ^n^(4),- ^(4)^(1), 



4 



(3).(2). 



^{A^f - -(A2)2«2 - -A2A4 + -A2«2 - -(A3)' 
128^ ^ 64^ ^ 16 2 24^ ^ 



384^ ' 



1a 1 A 

+-A3a2 + — A5 
3 15 



3 .. 1 

— ao -\ 0^3 

32 48 



+ 



5 15 

--A2A3 + A2a2 + -A4 - — d2 
4 3 16 

— (A2)^ + 2A2A3 + -d2 A4 

32 V 2; 2 3 ^ 2 ^g 4 



n^(l)i. 
nf,{2)y 



35 
32 



A2a2 



(2),(1) 



10 



+ 






2^ 5 ■ 
3^^ - 16"^. 



^m(3)i.+ 



2{A,f 



5^ 1 
-A3 + -as 

D i 



+ ^A2n^(4),-^A2(4V( 



11 



;A2(3),.(2). 



-^n^(5). + ^(5V(l). + ^(4V(2)., 
where the functions of r in the expansion are evaluated at the time t = tq. 



(3),(1X 



(3^ 



Here we would like to point out the work of Teitelboim [^], who showed that 
the radiation reaction force of the Lorentz-Dirac equation can be derived by simply 
averaging the angular dependence of above expansion of the field. We summarize his 
discussion in the following. 

He proposed to evaluate the value of the retarded field at the particle's own posi- 
tion and the force acting on the particle. However, obviously there are two problems. 
The first is that the retarded field diverges at the position of the particle. The second 
is that the "limit" of the retarded field depends on the direction along which the sin- 
gularity is approached. In fact, in Eq. (|38|) , the angular dependence, n^, is included 
in the coefficients of the expansion. 

He avoided the second problem by simply averaging the angular dependence of 
Eq. (|38|) in the instantaneous rest frame of the charge. In this frame, one can write 



n'^ 



(0, nj;,nj;,nz), so that n 



\Tlx) ^y: ^z 



is the unit vector directed from the 



position of the charge to reference point of the field. He averaged Eq. ( |5B| ) to the 
order of 0(e°). The terms in Eq. (^) which contain odd n'^s vanish when the average 
is performed, because the signs of these terms change when the direction of n is 
reversed. Only remained term is A2n^(l)jy in /^^^^. If one expresses an angular 
averaged fuction by drawing a bar over the quantity, it follows that 



Aon 



[n ■ zjn 



-cos^ 6z 



(39) 



where 6 is the angle between z and n. This relation is easily rewritten in the covariant 
form 



Aon^ 



:(2)^ 



(40) 



Then it follows that 



liu,iet 



-ji2),ilU~' + |(3),( 



{fi^ z/) + 0(e). 



Thus the Lorentz force acting on the charge is obtained as 



eFlt'iil). 



h'4^'^\ 



+ ^{(3)^ + «2(l)'^}. 



(41) 



(42) 



The first term on the right-hand side, which diverges in the limit e — *> 0, is interpreted 
as the infinite Coulomb mass of the point charge, and this is absorbed in the usual 



11 



way into the observed finite mass of tlie particle. Tlie second term represents tlie 
radiation reaction force, which is equivalent to the radiation reaction force of the 



Lorentz-Dirac equation [22 



4 Evaluation of self-stress 



In this section we calculate the terms with zero-th order in the expansion of the 
stress-energy tensor for a point charge with uniform acceleration and circular motion. 
We evaluate them in the rest frame of the charge at the instant t = tq. 

First let us calculate for the case of a point charge with uniform acceleration a. 



The world line of the charge is expressed by Eq. ([T7|) . The charge is at rest at r = 0, 
so we evaluate it at r = 0. Inserting 



(4)M 



(0,0,0, a) = am'' 



a\ir, 



(43) 



into Eq. 
F, 



(-2) 
fj,u,um 

(-1) 



(0) 



we have 

1 3 

-l + {n- m)2j 71^,(1)^ - -{n ■ m)m^(l)^„ 



4 2 



f, 



(1) 

fiu,um 



— {n ■ m)'^ [n ■ m) 

16 16 



nJl)y + 



16^ ' 16 



"^/.(l) 



fi\-^Ju-i 



I 



(2) 
/ii/,uni 



[n ■ m) H [n ■ m) 

128 64^ ' 128^ ' 



+ 



iO , , do , , o 

— [n ■ m) [n ■ m) 

32^ ' 32^ . 






(44) 



Here we note that the terms with n^irty — n^m^ have vanished. By using 



[n^(l),-(l)^n,]K(l),-(l)"n,] 



-n^riy 



;i)m(i)., 



[m^(l)„ - (l)^m«][m"(l)j. - (l)°m^] = -m^m^ + (1)^(1),., 
[n^(l)a - (l)^nj[m"(l)^ - (l)"m^] = -n^m^ - (n ■ m)(l)^(l)i.. 



(45) 



the zero-th terms in e ^a '^F'^ i-et-^rer ^^^ obtained as 



h -[n ■ m) — [n ■ m) 

8 4 



n'^rf + 



16 



— 3(n ■ m)^ + 5(n ■ m)^ 



;ir(i)^ 



12 



9 

'-(n ■ m) + 2(n ■ m) 



{n^'Tyf + m^^rf) + 



[n ■ m) 

16 2^ ^ . 



m^Trf , 



and the zero-th terms in e ^a '^F,,uretFi'Jt are obtained as 



liu,ret-'- ret 



6(n • m) + 10(n ■ m) . 



Substituting these into the expression of the stress-energy tensor 



(46) 



(47) 



(4J 



we obtain the zero-th terms in the expansion of T^'^ in powers of e. From Eq. (^6[) , it 
is found that the zero-th terms of the Poynting vector T°*, where the Roman index i 
represents a spatial component, are zero. This resuh is explained by the well-known 
fact that, in the rest frame of a point charge with uniform acceleration, the Poynting 
vector of the retarded field vanishes because of the null magnetic field ||16|| . 

We wish to evaluate the zero-th terms in the expansion at the position of the 
charge, but Eqs. (^), and ( P7| ) are indefinite at that position because of the angular 
dependence n^. So let us proceed in the same manner as in the method used in 
the previous section. That is, let us consider the expansion, in powers of e, of the 
angular average ofT^^ around the point charge, and calculate the zero-th terms of the 
expansion. The average is taken in the rest frame of the charge. Using the equations 



1 



ni 



nt 



Wi 



nlnl 



for evaluating Eqs. 



5' "7' " " 15' 
and (^71), and noting {n ■ m) = 



riini 



1 
35' 



(49) 



-n^, we have 



e ^a 



\F^c 



Tpau\ 
a,ret-'^ret jO 



1 

560 



105 








-2 
















-101 



(50) 



and 



e a (F^i/^retFj.et)o 

Inserting these into Eq. (^Hj), we obtain 



3 

8' 



(51) 



j-f^u ^ J2 {T^'^),e' 



(T^-)o 



i=-4 



Tea 



1 ha"" 
44807r2 c7 



105 

101 

101 

0-97 



(52) 
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Next, let us calculate for a point charge with circular motion. The world line of 
the charge is given by Eq. ([19|) . We have 

(5)^ = ^'Q\{l^-v{ir)- (53) 

Inserting these into Eq. (^8|), and noting {n ■ /i) = —n^, {n ■ I2) = —ny, we find 



r-(-2) -2 



f(-l) .,2n.-l 



i-(O) .,4n2 



p(i) .,6n3. 



i'(2) ^,8n4^2 



-(/i^z/) + 0(e=^), 

_ 1 ... 1 

fiu, cir 



(-1) 
uu,c 

(0) 



-vn^n^{l)u + -t;/i^(l)^, 



3 2 2 3 2 



-f n. 



(1) 

fiu, dr 



-V 

9 



3 12 



O o o Jo -L 

16 ^16 ^ 8 ^_ 



+ 



3 



XO09 .Zo Oo 

16 ^ 3 ^ 16 8 



2 



V ny + -V 



nJiu 



f, 



(2) 



4 
35 

128 



4 

-■i 

3 



+-v^nxn^l2u - ^v^nj2^{l)u + ^v^hf^hu, 



1 

-i 

4 



+— t;' 
48 

35 

32 

15 



64 



5 
16 



5 
24 



15 



4 4 '^'-* 42, ^^22 "^22, ^^ 4 , -^ S 

'^ 128 5 15 



4 



V n^ny + V rix 



nJiu 



+ 
+ 
+ 



15 



4 '^ „ ^ ^ o ^^ 4 

V n — 2v rircHy — —v n^ v n^ 



32" "^^ ""^ '^"""^ 4" "^" 32 



ll^.{l)u 



16 ^ 3 ^ 16 8 . 

^ 6^5 15 . 



n^^2v 



hi,{X)v + -v^nJi^ku- 



(54) 



The terms of zero-th order in e ^7 ^fi '^F^°'F^ are 

y 4 2 "J 9 9 . 



.4^4 



.2„2 



.2„2 



3 4 4^, 



+ 



+ 



V n^ + -v n^- -V n^ + ^2^ ^^^ ~ 8^ ~ 5^ ^^ ^ T5^^' 

31 , 2 

"4 ^ 16 30 



24 



n^'Tf 



bv'^nl — 3v'^nl — 2v'^nl + -v'^riy + —v^ + —v^ny + —vuy + :7^f ^ 



1^ 



91 



(ir(ir + 



v'^n^Uy + -f^n^ 



((i)'^/r+/^(ir 

1 



7 2 1 1 _ 

-?,v^nlny - -v^nl + -v^n\ + -v^Uy + -i;nj^ + -v 



(n^(l)^ + (l)^n^) 



14 



+ 
+ 
+ 
+ 



9 



7 



,3^2 



11 

8" 
1 



[n^'i + /f n'^) 



o o z :^ A 

^4 8 . 

12^ "^ - 12^ "^ - 20" 



(/2^(ir+(i)%^ 

2 



15 



o 



36 



-vH^F 



2^2 5 



(55) 



and the terms of zero-th order in e ^7 ^1) ^F^j^F^^ are 

idid A"? A "^ ^ "^ 

lOw n^ — 6f n^ — 4f n^ + 3f n„ + -f + Tirf n^ + T^vriy + ^^f — 21t> n^-ny. 



8 



15 



15 



18 



(56) 



Their angular averages are 



-(F/^"F^-)o 



X 



6278^4 V' ^ " - 5040 

1085 - 9457-2 (2562 - 29827-2)^;-! 

5055 + 9097-2 

(2562 - 29827-2)t;-i -4400 + 187-2 









-60 + I87- 



and 



e-'r''^'\F,,F 



un\ 



72 



[7 - 277- 



(57) 



(5^ 



Substituting these into Eq. (^), we find that the zero-th term in the expansion of 
the angular averaged stress-energy tensor is 

1 Ti-i^Q.^v'^ 



(Tf'^)Q = na ■ 



403207r2 c5 



X 



1925-9457-2 (5124 - 59647-2)c/t. 

10355 + 8737-2 

(5124-59647-2)c/f -8555-9097-2 

125-9097-2 



(59) 



5 Discussion 



Before comparing the self-stress with the vacuum stress, we should comment on the 
physical relevance of the self-stress which we have calculated. It should be noted 
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that, although zero-th terms in the expansion of the self-stress themselves would be 
mathematically well defined quantities, our evaluation includes an artifical procedure 
in which we average the angular dependence of the quantities. (Although Teitel- 
boim was able to rederive the radiation reaction force of the Lorentz-Dirac equation 
by applying this angular average, there is no guarantee that the method of angular 
average is valid even in the evaluation of the self-stress.) Moreover, even if we can 
obtain a natural definition of the self-stress at the position of the particle, it is not 
clear whether we can give this quantity the definite meaning when the physical pre- 
dictability is considered. Our interest in the calculation is limited whether we can 
find out the trace of the Unruh-like effect in the calculation involving the self-field. 

Let us compare the vacuum stress, Eq. (|18D or Eq. (p3D, with the self-stress, 
Eq. (|5^ ) or Eq. (^9]). In uniform acceleration, both of them are proportional to the 
4th power of the acceleration a. In the case of circular motion, both of them are 
proportional to the 4th power of 7^f2, and the degrees of v are equal. Therefore, 
roughly speaking, the order of vacuum stress multiphed by vra is equivalent to that 
of the self-stress. Let us now consider the situation in more detail. In uniform 
acceleration, while the vacuum stress represents an isotropic thermal bath of photons, 
as for the self-stress, the magnitude of the radiation pressure is close to the energy 
density. Moreover, the radiation pressure is anisotropic, and the tension acts along 
the direction of the acceleration. In circular motion, the self-stress represents tension 
along the y axis. (The signs of the components of the stress-energy tensor are often 
changed if we choose another method of evaluation. See the following paragraph and 
Appendix B.) Furthermore, renormalization of F^^^F^^ for both uniformly accelerated 
and circular motion (Eqs. (|5TD and (|58D) gives nonzero values, in contrast to the fact 



that the vacuum expectation value of F^^F'^^ (Eq. (|7p) is zero for arbitrary motion 
of the observer. Therefore, the resemblance between the two stress-energy tensors is 
not perfect. However, it would be rather impressive that the degrees of a, '-f'^Q and 
V, are all equal. One cannot discard the possibility that the self-stress which we have 
calculated reflects some indication of the Unruh-like effect. 

We note that, in the derivation of the self-stress, we have used an expansion in 
powers of the distance from the charge. However, alternatively, we could construct 
the expansion in powers of the retarded time by substituting z{tq) for x in Eq. (|3^). 
If this is done, expansion coefficients do not include the directional unit vector n^, 
and thus the angular dependence disappears. We discuss this alternative method in 
Appendix B. In this method, we find, similarly, that the order of the vacuum stress 
multiplied by vra is equivalent to that of the self-stress. Furthermore, we can consider 
the spectrum of the self-stress in this case, because the Fourier transform with respect 
to time can be taken, and in fact we do so in the Appendix. But our trial calculation 
for the uniform acceleration does not lead to a clear spectrum of the thermal bath, 
and it results in a rather awkward form. 

As stated above, the physical relevance of the self-stress which we have evaluated is 
not clear. If one wish to investigate the more detailed relation between bremsstrahlung 
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and the Unruh-like effect, our approacli would not be so effective, in spite of a very 
long calculation. But the resemblance between the self-stress and the vacuum stress 
we have revealed might offer a hint to investigate this subject. 
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Appendix A 

— Expansion of a Field in Powers of e — 

In this Appendix, we perform the derivation of Eq. (|38|). For simplicity, we set 
To = 0. First, we consider a Taylor expansion of the right-hand side of Eq. ( |34D with 
respect to the proper time, around r = tq = 0. Next, we translate this expansion 
into an expansion in powers of e. In the following, the coefficients of the expansion 
are evaluated at r = 0, and the time is omitted. 



'1 



A.l. Taylor expansion of the field 

Let us expand z{r) — x and z{t) around r = 0. Because the retarded time r 
depends on e in the form r ~ — e, we can write, while keeping the order of e in mind. 



z{t)-x = -7 + (l)r+^(2)r^ + ^(3)r3 + ^(4)r^ + ^(5)r^ + 0(e6), 

(60) 
z{t) = (l) + (2)r + i(3)r2 + l(4)r3 + l(5)r^ + 0(e^). (61) 

Using these equations, we find 

zir) ■ [z{r) ~ x] = [l-A2e]r-iA3er2-i[a2 + A4e]r3--L[5d2 + 2A5e]r^ 

Z O 4o 

+^[-9«2 + 2a3]r^ + 0(6'^), (62) 

where we use the following equations: 

(l)-(l) = 1, 
(l)-(2) = 0, 

17 



(l)-(3) = 


-"2, 


(2) -(3) = 


^«2, 


(l)-(4) = 


3 . 

-2«2, 


(2) -(4) = 


1 

2^2 - "3 


(l)-(5) = 


-2^2 + Q 



(63) 



We should note that, because we keep the order of e in mind, the coefficient with r^ in 
Eq. (|6^) is not equivalent to the fifth order term in the Taylor expansion with respect 
to r. By using the above expression, the expansion of the reciprocal of Eq. (|6^) , 
keeping the order of e in mind, is obtained as 



r 



z{t) ■ [z{t) - x] 
/(o) 

/(I) 



/(2) 
/(3) 
/(4) 



/(O) + fii)r + \fmr' + ^/(3)r^ + ^/(4)r^ + 0{e% 



\4 ,4 



1 + Ase + (A2)'e' + (A2)'e' + (A2)\ 



-A3e + A2A3e2 + -(A2)'A3e3, 



1 

-^2 + 

3 

5 

-«2 + 



ia2j 



1a 2^ 
-A4 + -A2a2 



e + 



1 



(A2)'a2 + -A2A4 + -(A 



1a 5^ . ■ 

AgOa + TA5 + -A2a2 

9 .. 1 

10 5 ^ 



(64) 



By substituting Eqs. (0), (|6ll) and ( |64D into the part of Eq. (0) where (i/rfr acts, 
we fix the part in powers of r up to the order 0{e^). After this, we carry out the 
differentiation. 

Now, we can construct the expansion of Eq. ( ^l)) in powers of e by using the 
relation 



r 

9m 
9m 



2 1 3 1 



1 



Q9m^'-^9m^ +0{e 



^■(A2)^ 



-A. 



12 



"2, 



4 

15 5 11 

— (A2)^ - 2A2A3 + -A2a2 + 7A4 - -d2, 



105 



35 



^(A2)^ - 12(A2)^A3 + ^(A2)% + ^{A^r 
16 8 3 

5 A A 3 ^ . 1 ^ 3 .. 1 

+ -A2A4 - 2A2a2 - -A, + -«2 - -as, 



48^"^^ 



A3a2, 



(65) 



which is derived in the following subsection. The result is obtained as Eq. p^). 
A. 2. Expansion of t in powers of e 

Let us derive Eq. (|65[). The retarded time r depends on e according to 

= {z{t) - x) ■ {z{t) - x) 

= {z{T)-z{0)-m)-{z{T)-z{0)-ne). (66) 

For given x'", two solutions of Eq. (|66D with respect to r are possible. Of course, we 
select the solution with r < 0. It is found that, if one fixes n^ in Eq. (|66|), r is a 
function of e. Expanding {z{t) — x) ■ {z{t) — x) in r by using Eq. (pO|), we get 



{z{t) -x)-{z{t) -x) 



1 ■ 1a' 
— a2 H Ase 

24 60 . 



+ 



-80"^ + 360"^. 



T' + 0{e'). 



(67) 



By using the relation r = — e + O(e^), the evaluation of {z{t) — x) ■ {z{t) — x) to order 
O(e^) gives 







-e' + [1 - A^ey + i A36^ - ^a^e' + 0{e') 



so that we have 



t' = [l-A^e]-' 
T = [l-A^e]-'/' 



)'-W^T2-^^\ 



+ 0{e 



1 A 3 1 3 

6 24 . 



+ 0{e% 



(68) 

(69) 
(70) 



From these, it follows that 



r 



r 



r 



-e^ - ^A,.^ - ^(A,)^e^ + iAae^ - la^e' + 0{e') 
e' + 2A26^ + 3(A2)^6« - ^Ase^ + ^a^e^ + O(e^), 

3 D 



-e^--A2e6 + 0(e^). 



(71) 



Using the expansion ([71|), the relation r^ = e^+0(e^), and the expansion of [1 — A2e] ^ 
with e, we get from Eq. (| 



r 



e^ + A2e=^ + 



(A2)' - -A3 + — a2 



12 



19 



e> 



+ {1^2? - g A2A3 + -A2«2 + — A4 - — «2 

+ [(A2)' - ^(A2)'A3 + -(A2)'a2 + -A2A4 - -A2«2 

+0(e^). (72) 

From this, we obtain Eq. (]65|). 

Appendix B 

— j4 Tna/ Calculation — 

In this appendix, We outhne our trial calculation of the self-stress in terms of the 
retarded proper time mentioned in section]^. The retarded time r in Eq. (|3^ depends 
on the reference point x of the field. Now let us consider an extension f^^{x,T) of 
the function F^^^^^tix) over the time region beyond the fixed retarded time. We could 
consider arbitrary extensions of ffj,u{x,T) except in the region fixed by the retarded 
time. For the moment we choose the extended form 



d z{t)^{z{t)^ - Xy) - z{t)^{z {t)^ - x^,) 
z{t\ ■ {z(t\ — x) dT zir^ ■ {z{t\ — x) 



/. / \ ^ ^^ u ^y^i )^y^yi )y - -^u) -^I'ji^l^l' j^ ~ -^1^) t^<^\ 



Let us evaluate the retarded field at the position of the point charge by 

lim/^,(z(ro),r). (74) 



*ro 



Now we set tq = without loss of generality. By using Eqs. (|60D and (|6lD, we obtain 
the expansion of /^jy(2;(0), r) in powers of r around r = 0: 

e-VM.(^(0),r) = i(2)^(l),r-i + ^(3)^(1). + ^(4)^(l).r+i(3)^(2),r 

+ ia2(2)^(l).r-(/i^z/)+0(r2). (75) 

(If we choose an extension other than Eq. (^), we obtain a different form of the 
expansion.) One should note that the term of order 0{t~'^) disappears. This equation 
is similar to Eq. (l4l|) , so one could interpret that the first term of Eq. (^) contributes 
to the infinite Coulomb mass of the point charge. (Because r < 0, the sign of this term 
is equal to the sign of the first term of Eq. (^Tf).) The second term also reproduces 
the radiation reaction force of the Lorentz-Dirac equation. 

Let us calculate the zero-th terms of the expansion of F^^F" in powers of r by 
using Eq. (fTSl). We can choose //^^(^(O), Ar)/° (2;(0), — Ar) (A is an arbitrary positive 
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constant) or /^^(-^(O), Ar)/" (2;(0), Ar) or any other form which is symmetric with 
respect to the exchange of the indices fi and u. Although the evaluation of the zero- 
th terms of expansion does not depend on the value of A, the spectrum is affected by 
A, as we see later in an explicit calculation. 

We now choose f^a{z{0), Ar)/" (z(0), — Ar). The zero-th terms of the expansions 
are 

e-\fUz{0), XT)rMO), -Ar))o = ^d2(2),(l). - ^a,{3),{ll + ^(4),(2). 

(1)^(1), + la2(2)^(2), - ^(3)^(3), + (/x ^ u), 

(76) 



+ 



3 .. 59 1, , 

32 144 ^ 6^ ' 



and 



e-'{f,MO),Xr)r{z{0),-XT))o 
For uniform acceleration, we have 



59 



37 



-ao «3 H (0:2) 

8 36 18^ ^ 



(77) 



.-2^-4 



a-\f,a{z{0),XT)rMO),-XT))o 



5 5 

-—m^m^ + — (1)^(1)^, (7J 



and 



e-'a-V,MO),Xr)r{z{0),-XT))o 



5 

12' 



(79) 



Then we obtain the zero-th term of the expansion of stress-energy tensor in powers 
of r: 



T"" = na ■ 



5 ha^ 
1927r2 c^ 



10 
10 
10 
0-1 



(80) 



For circular motion, we have 
(/Ma(^(0),Ar)n(z(0),-Ar))o 



62781^4^2 



-[-U + 5r%,h. 



+^[74-157-^](l),(l).-^t;[/2,(l) 



(8r 



and 



(^,(^(0),Ar)r^(^(0),-Ar))o 

62781^4 



^[74-157^ 



^2) 
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Then, we obtain the zero-th term of the expansion of the stress-energy tensor in 
powers of r 

1 ^7^^^^ 



rpni/ 



Tca 



5767r^ c^ 

74 - 157-2 -18v/c 

-10 + 157-2 

-18v/c 10 - 157-2 

74-157-2 



^3) 



Thus we have obtained stress-energy tensors which are roughly the same order as the 
vacuum stresses multiphed by vra. (Although the flux in Eq. (|^) is proportional to 
v^, one flnds that the degrees of the parameter representation of this flux is equal to 
that of vacuum stress if one takes f 2 = 1 — 7"^ into account.) 

We note that F^^F^^ of Eq. ( [77|) is not zero in general motion, but F^yF'^^ of 
Eq. (0) is precisely zero in any motion of the observer. Furthermore, we should 
note that, while the vacuum expectation value of F^q,F° includes the r]^^^ term (see 
Eq- (|^)), Ffj_aF1, calculated in this Appendix (see Eq. (|76D) does not include 77^,^ 
explicitly. Because of this fact, FiaF°[ and F2aF'\ are zero in the case of uniform 
acceleration in the derivation in this Appendix, in contrast to the case of the vacuum 
stress. We note that Fi^F^ and F2aF'\ in the case of uniform acceleration evaluated 
in section ^ (Eq. (|50D ) have small, but nonzero values which come from the angular 
average of the n^^n'^ term in Eq. (|6). Therefore, the angular average method of 
section ^ may induce an ?7^,^-like contribution when one evaluates F^^^Z- 

Next let us calculate the spectrum of the self-stress in the case of uniform accel- 
eration. We have 



rpliv 



lim 



/°^(z(0),Ar)r^(^(0),-Ar) 
Stt 



10 
10 
10 
0-1 



M) 



Thus all we have to do is to calculate the Fourier transform of /°^(z(0), Ar)/°'^(z(0), — Ar) 
We deflne 



G(r) = e-2/03(^(0),r)r3(z(0),-r). 
Then it follows that 

/oo 
dT5{T)G{\T) 
^00 



^5) 



00 

1 /-oo /-oo 

— / dr due'^^G{\T) 

1 /"OO /"OO 

— / dcu dre*^"[G'(Ar)+G'(-Ar) 

2lT Jo J-00 



(86) 
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G(r) has a pole at r = 0. We now move this pole above the real axis of complex r 
plane. Hence G{t) takes the form 



G{r) 



a'^[l — cosh(ar)]^ 
sinh^ [a(r — ie)] 



i7) 



where e is an infinitesimal positive number. This function has a periodicity G{t + 
27ra~^i) = G{t). By using this property, we can easily perform the integration over r 
in Eq. (|86D (see section 4.4 of Ref. 0). Although the calculation is similar to that of 
the Unruh effect, the residue of G{t) at the pole r = ni/a causes the result to take 
a rather awkward form. We obtain 



limGfAr) 



2A2 



dcj 



Lua 



+ 



11 2 00^ 
10 ^3A%2 



+ 



u 



2uja^ 




2 uj 



ISA^a^ 
2 1 



+ 



cu' 






3 A2a2 15 \^a^ / e^^'^/^" - 1 



In this spectrum, the Planckian terms uj"^ [e^^ ^ ^'^ — 1) and (^3j^g27rw/Aa _ x^^ which 
correspond to the temperatures Xa/ii and Aa/27r, respectively, appear. The first term, 
ujo^ /2, of the spectrum resembles the term loa^ j2 in Eq. (0), which comes from the 
contribution of zero-point energy loiyp' + o^)/2. However, we cannot suggest with 
confidence that these results reflect some facts of real physics, because our evaluation 
here is, at present, rather artifical and awkward. 

Finally, let us note the result of calculation in the case of /^q,(2;(0), Ar)/" (^(0), Ar). 
We find that for uniform acceleration, 



jnflU 



and for circular motion, 



vra 



5 Tio^ 



-1 














-1 














-1 














1 



(89) 



4„,2 



rpfiv 



na 



X 



1 h-f^^^v 

5767r^ c^ 

-10 + 157-2 18v/c 

74-157-2 

18v/c -74+157-2 

-10 + 157-2 



(90) 



The spectrum of the stress-energy tensor in the case of uniform acceleration is just 
the opposite of Eq. (pS]). 
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